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Dynamical behavior of spots in a nonequilibrium distributive active medium

F.-J. Niedernostheide, M. Or-Guil, M. Kleinkes, and H.-G. Purwins
Institut fir Angewandte Physik, UniversttMunster, Corrensstrale 2/4, D-48149 N&ter, Germany
(Received 26 November 1996

Numerical studies of a two-dimensional active medium with long-range inhibition and additional global
inhibition far from equilibrium, show a bifurcation sequence from stationary spots to elliptically oscillating
spots, followed by a transition to traveling spots. General properties of the spot dynamics and their dependence
on the applied boundary conditions, as well as on the global inhibition are discussed.
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PACS numbgs): 05.70.Ln, 72.20-i, 85.30—z, 82.20.Wt

I. INTRODUCTION the average hole density in thé layer of the diode part and
acts as an inhibitor. The diffusion coefficieBt,=wo,/C,
Standing and moving localized particlelike structures inis determined by the capaci, of thep™-n™ junction and
two-dimensional systems have been experimentally obthe widthw and conductivityoy, of the n™ base.D,, is the
served, e.g., in chemical systerfis2], in gas discharges diffusion coefficient of holes in tha™ layer. A denotes the
[3,4], and semiconductor materig]5§] and have been suc- Laplace operator in two space dimensions perpendicular to
cessfully described in terms of reaction-diffusion equationghe main current flow direction. The reaction terms
of an activator inhibitor type. The stability of spots on aq(V.,p) andQ(V.,p) are determined by the current trans-
two-dimensional domain with respect to breathing and statiport processes that are described in detail in Réft,12:
deformations has been studied for simple piecewise linear

activator kineticg[6]. In recent studie$7—9] collisions of 1 .

traveling spots have been investigated numerically in ex- q(Ve’p)_C_e[JQ(Ve)_JC(Ve’p)]’ )
tended two-dimensional media, and an asymptotic method

for describing instabilities of spots in two and three dimen- jc(Ve,P) P~ Pno

sions has been presentetD]. QVe.P)=—w  ~ 7 4

The aim of the present paper is to investigate the behavior
of two-dimensional spots upon variation of a parameter thatvith
drives the system far from equilibrium. We shall devote spe-
cial attention to the influence of the boundary conditions and

. Ve : Ve

a nonlocal inhibition. For that purpose we consider the two- Je=ls ex;{ V_T> “Lt ex;{ 2_\/T) - 1}' ©
dimensional equivalent of the two-component set of
reaction-diffusion equations that has been derivEl, and i i ] e V=V,
successfully appliefi12], to explain the experimentally ob- Je=Mjsct BM]l ex Vs -1+ oL ©)
served dynamics and bifurcation behavior of current-density
filaments in a quasi-one-dimensional silicon multilayered { (Vi_ve 3-1

*-n*-p-n~ device. M=|1- ) : (7)
p p A

Il. MODEL EQUATIONS and
First we briefly describe the model equations and reca- p

pitulate the relevant physical mechanisms the model is based Vi=V—=Viin o) (8)
on: Thep*-n*-p-n~— device is considered to be composed of no
two parts, ap*-n"-p transistor and @-n" diode. Treating |, j,, andj. denote the diffusion and recombination satu-

the transistor as an avalanche transistor which is coupled toration current density of thp™-n" junction and the satura-
Shockley diode, the following two-component set of tion current density of the*-p junction, respectivelyVy is

reaction-diffusion equations can be derivdd]: the thermal voltage and the transport factor of the™ base.
Py pL andVy denote the leakage resistance and the breakdown
b ; . o
3te =D AV.—q(Ve,p), (1) voltage of then™-p junction.p,q is the equilibrium value of

the mean-hole density; the lifetime of holes, andV the
width of then™ layer.
ap In order to get insight into the relevant physical processes
E:DPADJFQ(Ve’p)’ 2) let us consider the two device parts in more detail. In the
usual operation, tha™-p junction of thep™-n"-p transistor
whereV, is the voltage drop across tipe -n™ junction of  is reverse biased. Suppose that the voltage drop across the
the transistor and represents the activator, whildenotes n™-p junction is sufficiently large so that charge carrier mul-
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tiplication takes place by impact ionization. Then, a small
fluctuation of the emitter voltag¥, has the following con-
sequences: Due to the essentially exponential dependence of
the emitter current density on the emitter voltage, a fluctua-
tion of V, causes an additional injection of holes into the
n* layer. Those holes, which reach the high-field zone of the
n*-p junction, generate electron-hole pairs which are sepa-
rated due to the high electric field. The electrons move to-
wards thep™-n* junction and induce an additional injection 0.0
of holes and, consequently, an increasevgf Because of
this activating property of the transistor part, the variable
V. may be called an activator.

The coupling of the transistor part to tpen™ diode leads
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FIG. 1. Null cline system of Eq91) and (2) for V=32.44 V

. L (solid lineg and V=38.00 V (dashed lines Other parameters:
to a counteraction to the autocatalytic increase/pf The C.=10 5 Flcm?, jo =2x10 8 Alcm?, j.=1.5x10 ‘L Alcm?,

current fluctuation caused by the fluctuatiorM@fleadstoan . _ —7 27 ) = _ 10
increased hole injection intoythe* layer andrtﬁerefore to an Je = 3X 10 Alem _ lX_IZ_O'S_(:m’ Py~ 10 ceis, _Pro=10
_ e cm™ >, Ry=0Q, T=300K, V,=42V, w=3 um, W=600um,

augmentation of both the mean-hole concentrapoim the  g—06 , =4x 10" Ocm?, o, =10 (Qcm) %, 7=10 us.
n~ layer and the voltage drop/,=V+In(p/py) across the
p-n~ diode. Keeping the device voltagé constant means ) S )
that the voltage drop/;=V—V, across the transistor de- Uniform current-density distribution, since fi,o) depends
creases iV, increases. This inhibiting process in then~  linearly on the transistor voltagé; [Eq. (8)]. Similarly, the
diode limits the autocatalytic process and, consequeptly, curve defined byQ=0 reflects the essentially exponential
can be viewed as inhibiting variable. This interpretation ofbehavior of the current-voltage characteristic of the diode
V. andp, in terms of an activating and an inhibiting variable, part.
is confirmed by a linear stability analysis of E@$) and(2). Depending orV there are one, two, or three intersection

As the device is connected to the voltage solfgaria a  points of the two curves for fixe. The main effect of a
load resistorRy, a global coupling influences the device, variation of V is a horizontal shift of the curve defined by
which occurs in the following way: Consider a positive q=0. The changes of the curv€s=0 are relatively small
current-density fluctuation at an arbitrary position in the de-and cannot be resolved in Fig. 1. For all calculations pre-
Vice that causes a Corresponding f|uctuati0n Of the tOtal Cursented in thlS paper the nu" C“ne System is bistable' We
rent in the external circuit. This current fluctuation leads toremark that Eqs(1)—(4) have been derived for a specific
an increment of the voltage drop across t_he load resistor ang, o qel. However, it is clear from Fig. 1 that the shape of the
consequently, to a decrease of the device voltage, becaus§| clines is also typical for many other physical, chemical,

the applied total voltage and biological systems of reaction-diffusion type. Therefore,
we believe that the properties of spots we have found in our

Vs=VHRl © study are of general importance for reaction-diffusion sys-
is constant. The total currehtcan be calculated by integrat- €MS- S o
ing the current-density distributiofy(x,z,t) along the rect- The chargctenstlc .t|m'e constgnt of the inhibitor is given
angular device areb x| ; by the effective hole lifetimer, while the time constant, of
the activator is governed by the capadly and the resistor
I (k. pc controlling the recharging a€,: 7.~Cgp.. In the frame-
I= fo fo jcdx dz (10 work of our modelp, can be estimated from the reaction

termq to p.=(2V1/j,)exp(—VJ2Vy) [11]. This means that

As the device voltag¥ is only time dependent but does not for low current densities and, consequently, low values of
depend on the space Coordinatesl the existence of a |Oé6§ the activator is slower than the inhibitor, while for Iarger
resistor effects a nonlocal inhibiting feedback. Note that any/alues ofV, the opposite is the case. The diffusion lengths of
real voltage source has an internal resistance; we therefotge activator and the inhibitor are given hy=yD.7. and
have to consideR, as a sum of this internal resistance andL = \/D_pr For sufficiently largeV, we haveL>L,.. Thus
the load resistance. By this, in a real experiment, a globalhe main features of the active medium under study are the
coupling is still present even in the absence of a load resistoexistence of an instantaneously effective global coupling via
the load resistor and a relatively slow local inhibition. The
IIl. RESULTS AND DISCUSSION different tjmt_e constants and diffusion.leng_ths_ of the activator
and the inhibitor lead to a competition in time and space
Before the numerical results are presented, consider thieetween these variables and determine the dynamical behav-
null clines of Egs.(1) and (2), that are shown in Fig. 1 for ior of the localized structures evolving in the system.
two different values o¥/. They have been calculated numeri-  The simulations are based on a simplified version of the
cally by solving the equationsq(Ve,p)=0 and Newton-single-step integration of the finite-difference equa-
Q(Ve,p)=0 which determine stationary uniform states of tions resulting from discretization of the Eq4), (2), and
the system. The curve defined Qy=0 essentially represents (9). The spatial mesh consist of 200 by 200 grid points;
the current-voltage characteristic of the transistor part for spot-checks have shown that there is no qualitative differ-
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ence in the results when the mesh is refined to 400 by 40
points.

First, we present results obtained by using homogeneou
Neumann boundary conditions for both variables, i.e.,
Nl X(Xx=0],)=dV/dz(z=0],)=0 and dp/x(x=0,,)
=dpldz(z=0,,)=0. While for low values ofVg the spa-
tially uniform state defined bg=0 andQ=0 is stable, for
sufficiently large values oWg autocatalytic charge carrier
multiplication takes place and a localized structure in the
form of a current-density filament develops from the spa-
tially uniform state. Since the spatially uniform state be-
comes unstable with respect to fluctuations with the longes
possible wavelength, the filament develops near one of th
four corners of the rectangular domain. The same result i
obtained when we start the calculation for a gi%grwith all
mesh points set to zero except for an area of 25 by 25 mes
points in the center of the domain set ¥@=0.83 V and
p=1.34x10"® cm2. In this case, the cylindrically shaped
initial structure deforms to a localized structure and simulta-
neously moves to one of the corners of the domain.

Since the chosen Neumann boundary conditions act as
mirror, we may consider the filament in the corner as a quar
ter of a stationary spot the center of which is just the cornel
of the domain. With increasing voltagé, the width and the
amplitude of this spot increase. When a certain threshold i: (c)
reached, the static spot transforms to a spot with width ani_ 324780F
amplitude oscillating in antiphase. Figure@Pshows a series 2, ,..q|
of four gray-scale diagrams of the activator distribution =
V.. For the sake of clarity the entire spot was reconstructed  32.4720
Dark regions correspond to regions whevg and corre-
spondingly the current densify, are large. Obviously, in the
course of time the spot is alternately deformed elliptically
along thex and z axes. Thereby and by the additional ap-
pearance of antiphase amplitude oscillations, fluctuations of FIG. 2. Oscillating spot that is alternately deformed elliptically
the total current are eliminated as imposed by the globa®long the two symmetry axes defined by the domain boundary.
coupling. The profiles shown in Fig(1 illustrate that the Gray-scale diagrams of the activatordistribuﬂppat four different
spot width along thex axis has a maximum at and a momgnts. The lower right quarter of each diagram represents the
minimum atts which coincides with a maximum elongation domain. the other quarters have been added, Aindt; the elon-

along thez axis. For maximum spot elongations, the Spotgation along thex and thez axis has a maximum, respectively, at
4 . ) - t, andt, the spot width has a minimun(b) Profiles of the activator
amplitude in the cente’(x=0,z=0t), has a minimum 2 4

. - . L distributionV, along thex axis at the center of the spot correspond-
and vice versa, reflecting the antiphase oscillations. The fi- ° g P P

. | f the alobal i I I ilati f|ng to the diagrams shown ife). (c) Time series of the device
hite value of the global coupling allows small oscillations o voltageV(t). The maximum and minimum spot elongations corre-

th_e total_ current and the device vo_Itage emanz_slting from @pond to local minina and maxima ¥{t), respectively. Parameters
slight mismatch between the amplitude and width oscilla-i5 i, Fig. 1 butv,=1700 V andR,=1 k(2.

tions. Figure 2c) shows the time series of the device voltage
V(t). The minima(maxima of V(t) correspond to maxima ning in front of the activator. This precursor is important
(minima) in the total current(t) and coincide with maximal when the filament reaches the corner of the domain. Because
(minimal) spot elongations along one of the two symmetryof the interaction of the filament with its mirror image the
axes. The amplitude of this oscillation as well as the ampli-inhibiting precursor hinders the activator to continue its free
tude of the width and the height oscillation in the spot centemotion and effects a deceleration of the filament; this finally
increase monotonously from zero with increasig, this  results in a reflection of the filament by the corner. Thus, the
and the finite value of the oscillation period at the bifurcationfilament performs a periodic traveling motion between two
point indicate a supercritical Hopf bifurcation. corners of the domain with a maximum velocity of about
For sufficiently large width and amplitude oscillations, the 50—-100 m/s.
filament detaches from the corner and starts traveling along Again it is instructive to use the symmetry properties im-
the boundary of the domain. Figure 3 shows a series of agosed on the system by the Neumann boundary conditions
tivator and inhibitor distributions at different stages of thefor some further considerations: In doing so, the transition
motion. From these diagrams it is obvious that the slow infrom the filament oscillating near the corner to a traveling
hibitor has an extended tail following the activator distribu- filament appears to be a splitting process of the oscillating
tion. However, there is also a small inhibitor precursor run-spot into two spots that start traveling in opposite directions

457 458 459 460 461 4.62
t (ms)
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FIG. 3. Traveling spot being reflected by the corners of the domain resulting in a periodic motion. (ldpme) diagrams refer to the
activatorV, (inhibitor p) distribution; parameters as in Fig. 1 Bg=1800 V andRy=1 k); t=2.1704, 2.1786, 2.2014, 2.2278 ifisom
left to right).

after the division. Therefore, the filament traveling betweendifficult by the larger inhibitor tail following the filament
the corners(Fig. 3 can be viewed as half of a spot that center. As a result a qualitatively new form of filament mo-
collides with another spdits mirror image when it reaches tion appears: The reflection of the filament at the domain
the domain cornefFig. 4@]. As both spots are mirror im- corner transforms into a deflection of the filament by 90°
ages some fundamental degrees of freedom of motion aBfFig. 4(b)]. As the deflection occurs every time the filament
e.g., an antiphase amplitude oscillation of the two collidingmeets a corner, a circlelike periodic motion of the filament
spots, which might result in an extinction of one of the col-along the domain boundary sets in.
liding spots, are excluded. Consequently, a collision of the Partly similar properties of traveling localized structures
two spots is unavoidable. Thus Neumann boundary condihave been found by Krischer and MikhaildV] and by
tions provide ideal conditions to study collision processes oSchimansky-Geieet al.[8]. The former pointed out that the
localized structures. existence of a global coupling can lead to a suppression of a

These numerical results are confirmed by a stabilitywidth oscillation(see also Refd.13,14)) and, instead, a di-
analysis of the radially symmetrical spot. In this case, therect bifurcation of a standing to a traveling spot takes place
perturbation modes can be separated into a radial part and arhen the inhibitor time constant is increased. Our simula-
angular part, the latter being proportional to cas), where
¢ denotes the angular amdis a natural number. Typically,
the most critical pertubation for a spot is the perturbation@)
mode with n=0 (e.g., Refs.[6,7,10). This perturbation
mode would lead to a radially symmetrical widening or nar- £
rowing of the spot accompanied by a corresponding variatior €°
of the total current and is therefore suppressed in our systel ™
by the existence of the global inhibition. The mode with 05
n=1 would lead to a traveling spot. This fluctuation cannot
arise due to the mirror symmetry along the two symmetry
axes imposed on the system by the applied Neuman boun )
ary conditions. The perturbation mode witk- 2 just reflects
a fluctuation that leads to an elliptically deformed spot. Suct
a perturbation is neither damped by the global inhibition nor€ g
by the imposed symmetry conditions and, therefore, leads tZ
the destabilization of the spot.

With increasing paramet&f, the amplitude and the width 25
of both the activator and the inhibitor distribution grow. This
is accompanied by an increase of the velocity of the traveling
filament, as the effective time constant of the activator de- | 4. Gray-scale diagrams of the activator distributignof
creases with its amplitude. Hence, two consequences arisgs|liding spots at three different moments. The lower right quarter
The distance between the center of the inhibitor and the alf each diagram represents the domaa).Reflection of two col-
tivator distribution increases, the inhibitor precursor becomesding spots,V =1800 V,t=2.1703, 2.2014, 2.2278 m&) Deflec-
smaller, and therefore, the retardation of the filament by itsion of two colliding spots vertically to the impact direction,
mirror image becomes less effective when the filament meetg,=2600 V,t=4.3722, 4.3988, 4.4128 ms. Other parameters as in
the corner. Moreover, the reflection process is made morgig. 1 butRy=1 k().

0
x (Mmm)
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find a traveling filament oscillating periodically between two
corners and transforming into a filament that performs a
regular circlelike motion along the domain boundary. How-
ever, while in the case of Neumann boundary conditions a
further increase oV leads to a broadening of the filament
and an increase of the traveling velocity, in the case of Di-
richlet boundary conditions the traveling motion becomes
more complicated, as indicated in Figag where a snapshot
of the inhibitor distribution is shown. As the inhibitor relaxes
very slowly, the filament motion is recorded in the tail of the
inhibitor distribution. Obviously, the filament travels in a
(b) M l " wavelike motion. When the filament reaches the corner it can
a4al ] be deflected. However, sometimes it is also trapped there,
i.e., it performs a circlelike motion near the corner. The ra-

(@ 5.0

z({mm)

S ®24r dius of this circle is typically of the order of 0.5 mm. After
> 346f 1 having performed several rotations, the number of which
3245} . varies statistically, the filament continues its traveling mo-
82 83 84 85 86 87 tion to the next corner. It may also happen that the amplitude
t (ms) of the wavy motion becomes so large that the filament

changes its direction between two corners. This complicated
FIG. 5. (a) Gray-scale diagram of the inhibitor distribution spatiotemporal behavior is based on the interplay between
In(p/pro) in the case of Dirichlet boundary conditions fat. (b)  the domain boundary with the fixed value fég that tends to
Appertaing irregular time serieg(t); the arrow indicates the time iy the filament in a certain distance of the domain boundary
the distribution shown irfa) belongs to. Parameters as in Fig. 1_ but [12] and the delayed reaction of the inhibitor with respect to
XS:nsze?rg Vi Ro=1kQ}, 7=100 ps, V=063 V at the domain activator fluctuations. The complex motion is accompanied
: by an irregular time serie¥(t) of the device voltage as
0§hown in Fig. 5b). Remarkably enough, similar oscillations

ions reveal that the m leadin ingle travelin . .
tions reveal that the mode leading to a single traveling Spd}ave been observed in a recent experiment on a two-

can be suppressed by symmetry conditions imposed on t
system, so that a static spot may transform to an ellipticall
oscillating spot by increasing the bifurcation paramatgr
that in turn transforms to two traveling spots via a splitting
process of the elliptically oscillating spot.

Finally, we discuss some peculiarities that appear when We thank C. Schenk for carrying out the stability analy-
we use Dirichlet boundary conditions for the activaiy, sis. The support from the HLRZ, lich providing CPU time
which are suggested by some experimental results in the onen the Paragon, and financial support from the Deutsche For-
dimensional casgl2]. For increasing paramet®f; we again  schungsgemeinschaft is gratefully acknowledged.

imensional multilayered diode. It is a challenge to supply
experimental evidence that these oscillations are caused by
irregular spatiotemporal filament motions as suggested by
the numerical results.
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